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Abstract

We prove a two-parameter family of second order geometric Rellich type equalities
on the half-space R’, . We then use it to derive several refined geometric Rellich type
inequalities. We also prove an improved version of the Rellich—Sobolev—Maz’ya type
inequality.
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1 Introduction

The main topic of this note is geometric Rellich type inequalities, that is Rellich type
inequalities in which the weights are given in terms of the distance to the boundary of
the domain. We are particularly concerned with the second order case for which the
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domain is the half-space R’} = {x € R" : x, > 0} so that the distance from x € R’}
to the boundary of the domain is x;,.

Rellich type inequalities are higher-order versions of the Hardy type inequalities.
Both Hardy type inequalities and Rellich type inequalities have received a tremendous
amount of attention in the literature because of their important roles in many areas
of mathematics such as self-adjointness and spectral theory problems of Schrodinger
operators with strongly singular potentials, boundary decay and spectral approxima-
tion, uncertainty principles, to name just a few. There is a vast literature, especially, in
the context of Hardy type inequalities. Hence it is impossible to provide a complete
list of references on the subject in our short note. Therefore, we refer the interested
reader, for instance, to [11,26,35] for historical backgrounds and to the monographs
[3,24,27,28,36,39] for the applications as well as improvements and variants of Hardy
type inequalities and Rellich type inequalities.

At the 1954 ICM in Amsterdam [41], Rellich presented the following inequality as
the second order version of the well-known Hardy inequality:

_ 2 2
/|Au|2dx > (%) :Z:4d (1)
R

Rn

nn—4)
7
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The constant ( ) is sharp but can not be attained in (1) by nontrivial functions.

This fact has been investigated by many researchers. Also, much effort has been
devoted to the study of improved Hardy—Rellich type inequalities. See [1,2,6—10,13—
16,18,19,22,25,29,30,34,37,38,42,44,46,47], among others.

Our main motivation of this article is the results and approaches in [20] where
Gesztesy and Littlejohn applied the method of factorization of singular, even-order
partial differential operators to prove the following two-parameter family of Rellich
type inequalities:

Theorem A. Let o, B € R and u € C5° (R"\{0}). Then

2
/lAu|2dxz[(n—4)oz—2,B] m dx
R)l R)l | |
2
|))§—|~Vu (x)‘
o [,
Rll
|u |2
T A= @=2) = | qds

Rn

By choosing particular values for « and 8, one can recover from Theorem A many
known Rellich type inequalities in the literature, including Rellich type inequalities
(1) and the Schmincke one-parameter family of Rellich type inequalities in [45].

We note here that factorization of singular partial differential operators has been
applied in [23] to give a simple approach to the classical Hardy inequality and in
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[21] to the radial Hardy inequality with logarithmic refinements. Recently, in [43], the
method of factorization was used to obtain a Hardy, a Hardy—Rellich, and a refined
Hardy inequality on general stratified groups and a weighted Hardy inequality on
general homogeneous groups. More recently, several Hardy type identities on half-
spaces were established in [31,32] using factorizations. For a thorough review, the
history and properties of the factorization method, we refer the interested reader to
[20].
Rellich type inequalities have also been studied when the distance to the ori-
gin |x| is replaced by the distance to the boundary. In particular, on half-space
= {x e R" : x, > 0}, the following versions of Rellich type inequalities have
been studied:

2, LIVl Jul?
|Auldx = — | ———dx = — —dx 2)
4 X 16
R} R} R}

See, for instance, [4,5,40]. Recently, in [17], the following Rellich type equalities have
been established to provide a direct understanding to (2):

Theorem B. For u € Cé’o (R’_ﬁr) one has

[ 1aup ax /'W Z/ "
u — — = X X
Xn ax] "
er

and
/|A|2d 9 [, —E/VL d+2f ! ’ d

u|”dx 6] x_4 \/x? Xpdx \/Eax, Xpdx.
R" R" R"

2

Theorem C. For u € C° (R’J‘r), one has
9%u u
ax2

2 1 2

/ dx — —/ — —zdx = /
P 4 0xp | x;

Rn Rn Rll

+ + +

2
d |u|2 _1 0 u d
6 a) Jom \ a3 )|
n Rﬂr

It is worthy to note that Theorem C provided exact remainders to the following
Rellich type inequalities that can be found, for instance, in [12, Lemma 5.3.1]:
92u |* ou

1 1
__ > _ _
/ dx2 x_4/ Axy | x2 T 16
R% R%

+ + RY

Xpdx

0 1 ou
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The principal goal of this paper is to apply the factorization technique to study
the refined versions of (2) and (3). Actually, we will set up the following general
two-parameter families of the second order geometric Rellich inequalities:

Theorem 1 Leta, B € R. Foru € Cg° (R:‘L) one has

2
/|Au|2dx+( —2,3)/ 6ﬂ 3 ﬁ+ﬁ2)/|”i dx
X
RY
1|0
+<a2—2a)/—2 - dx
x5 | 0xp
RY
o Jdu u|?
Xn 0Xp, X
R}
and
2 2 2

32 1]d

/ . dx+(oz2—oz—2,3)/—2 e dx+(6ﬁ—3aﬁ+ﬂ2)/@d
ox; x5 | 0xy X,

R R R"
/ 9%u o Ju +B u 2d

= —_—— —— —| dx.

/ ax2 Xy 0xp 2

R+
By choosing o = 2 and 8 = % in Theorem 1, we obtain the following improved

second order geometric Rellich type inequalities:

Theorem2 Foru < Cgo (R’jr) one has

v 2 2
/|Au| dx——/l ey 8t '”'d
xn

%
2 0u 9ul?
= Au — — ~— dx.
Xp 0xp 4 X}
R
and
/ 92u | 5/ 1 /|u|2
— | dx—=
ox; 2 8x,,
R’ R
/ Pu 2 du 9Yu 2d
= — = — ——| dx.
ax2  x, 0x, 4 x2
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Obviously, our Theorem 2 implies

5 [ |Vul?
flAu|2dx2—/| ';' dx

2 Xz
R" R"

and
f 92u |’ 5 f u |® 1
- x> — | —
dx2 —2) |0x,| x?
R R
Noting that from Hardy type inequalities
Vul?
x> =
x2 - 4
R R
and
/ du > 1
—| —=dx > -
x| x2 4
RY
we deduce
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SN T
2 X5 16) x}
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Hence, combining the above results, we get the following series of Rellich type inequal-

ities:
2 |W|2 |u|2 |W|2
|Au|” dx 2 dx — =
2 4

R R R
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Ful =2 1 i
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Let us now explain why we are interested in the values « = 2 and 8 = % of
Theorem 1. Assume that o2 — 2« < 0. In this situation, we deduce from (4) that

/|Au| dx—i—(oz—Zﬂ)/' (6,3—3a,3+,3 /Il2

R)‘l R)‘l
o Jou u|?
> Au — — + /3—2
Xp 0Xp X;
Rn
{
> 0.

Since we are interested in the enhanced form of (2), we will aim for the following
inequalities

/|Au|2 /'V?zdx
/|Au| dx—}-(a—Zﬂ)/' (6/3—3 ,3+,3 /||2

Rn

ZO.

Equivalently,

(2/3 —a-— 4) / 'Vx"'zdx > (6,3 ~3ap +ﬁ2) / |zfdx. %)

R% " R’ "
+ +

Recall that (see, for instance, [31]):

Vi (x)|? ul?
—| (2)| dxz— —| | dx
Xp 4
R} R}

with sharp constant % Hence (7) is optimal when 28 — o — % > 0 and
(68 —3ap + B?) = 3 (2B — « — 1). Note that the latter is equivalent to

(p3-30) =320

Hence, in this case,« =2 and 8 = % are optimal choices.
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Similarly, we are interested in the case

/ 3%u | 1/ au |? 1
— —— | |—| —dx
ax? 4) |ox,| x2
R". R".
92u* 1
> [ (o - —2)f_
_/ ax2 rle e m2p x2 | 9xy,
R". R"
> 0.
That is

ou
dx,

1 1
4 X
Rn

+

We note that (see, for instance, [31]):

\/‘-x
n
R

+

au |?

0xy,

9 2
dx > — %dx

Xn

=4
R

where % is the optimal constant. Hence, we deduce

a+2ﬂ—a2—£>0
J@+28—a>— 1) = (6p—3aB+p7)

The second inequality can be rewritten as

2
<,3—§a—§) <0.

x4

n

2 2
S ax (6,3 — 348 +/32) f%dx
xn
e

2
|t

2
dx = (68 — 3ap+ %) [ =
x = (6830 )R/

dx.

This yields g = %a - %. Then the first inequality becomes % > (a — 2)2. Hence

% <a< % In this case, we obtain

/ dx + (a? — 4o+ 2 / !
X o — 40 b Y

dx2 2) ) x2

R" R!

+ +
/ 9%u o ou n 3 3\ u
= —_——— - — — —_—
Bx,% Xp 0Xy, 2 4 xrzl

RVL
Optimizing o — 4o + 3 yields o« = 2 and g = 3.

2
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9

4

2
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n
+
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Also, since the above argument of choosing « and  seems optimal, we conjecture
that % in (5) and (6) is sharp, that is, there is no k > % and [ such that for all
ueCyP(RL):

vz vz 2
/|Au|2d —7/|M|d>/|Au|2d —k/'”ldH/H > 0.
4 x2 x2
R R

+ +
1

—f/ dx—k/
R" R

Our next purpose is to study an improved version of the Rellich-Sobolev—-Maz’ya
type inequality. We note that in [3, Chapter 6], the following Rellich—Sobolev—Maz’ya
type inequality has been verified:

2
21 ||2

fd +1

82

2
u
2d)c > /
Xp ax
Rll

2
n
+

82u
ax2

ou
8xn

ou
09Xy,

/

n
R+

n—4

2
/IAuI dx—— ud > C /Iuln%dx . (8)

Nothing is known about the optimal constant of (8) except when n = 5. Indeed, in
this case, it was proved in [33] that the sharp constant of (8) concides with the best
second order Sobolev constant Ss 5 in R.

Our second main result can be read as follows:

Theorem 3 Assume thatn > 5 and ¢ > 0. One has for u € Cgo (Ri) :

55 |Vu|? 81 95 /|u|2
AulPdx — (= -2 d — -z —d
/' ul”dx (2 28) 2 P 16732 )
R" R% R%

+

n—4

n
2n
>C |u|n=* dx
n
n
In particular, when ¢ = %, we obtain

) 1 [ |Vul? o
|Aul”dx — - 3 dx > C lu| =% dx
4 X}
RY RY 4

which improves (8) since (see, for instance, [31]):

2 V2
f|A|d ud>/|A|d——f|”|
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2 Proof of Theorem 1 and Theorem 3

Proof (Proof for Theorem 1) For u € C§° (R".), we define

o Jou u
Su=—-Au+ ———f—
X 0Xp X}
Then its formal adjoint is
dv v
Sv=—av->2 _(g-a)=
Xy 0xy n
and hence
d ad ad
S Su=Alau— = 4 gl L a2 g
X, 0Xp, X; Xn 0Xp, Xp 0Xp, X
—a o Ju u
+('32)|:Au—— +ﬂ—2i|
Xy Xp 0y Xy

As a consequence,

/ (8*Su) udx

R}

ou u
5 8[Au—%an+ﬂ—2]
=/|:Au—i - —i—;312:|Audx—|—fg o Sl ydx
X

Xp 0Xy, n Xn 0xy,
R R
1 o Ju u
+B-—a) | = |Au—— + B— |udx
Xp Xp 0y i
RY

10
=/|Au|2dx—ot/— uAudx+,3/i2Audx
Xp 0Xp, X;
R" R" R

/A o Ou +ﬂu 1 Ju u d
-« u—— — | —— — = )dx
Xp 0Xp x2 | \xp 0x,  x2
Rn

+
1 o Ju u
+B-a) | 5 |Au—— + B— |udx
X Xn 0Xp, X5
R}
5 1 du u
= | |Au|"dx —2a | — Audx +(B+a+ B —a) | Audx
X, 0Xp, X5
R R R
s [ 1| ou | 5
+o | = dx—(ot +aﬁ+a(ﬂ—a))
x5 | 0xp
R}
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1 du ||2
f; . udx + (@p + B (B — a))

R% R}
= / |Aul? dx — 2« Audx—l—Z,B/—Audx
xn 0xy,
R R"
1| oul? 1 u |u|?
2 2
+a/—— dx—2a,3/——udx+;3 [—dx
x2 | 9xp, x3 0x, xit
R R R

Noting that by integrations by parts, we get

au |? |Vu|?
dx, 2) x?
4 RY

u u
— Audx = — — )d
1 2
=—/Vu|:—Vu——3ue,,i|dx
xn xﬂ
\v/ 2
/' ”'d +2/

1 ou 1
Audx:/ — dx,

x,, 0xy,

Ril
|Vul? Jul?
= dx +3 | —dx
xn ‘xl’l
R%, R"

and
/ / —u—d +3 / LR
x3 an
3 [ |ul?
=— [ —dx.

2) xp *

R},
Hence
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/ (S*Su) udx

R}
1] oul? 1 [|Vul?
=/|Au|2dx—2a /—2—“ —-/4dx
X5 | 0xp 2 X5
R” R” R”
2 2
u u
+2p /I | | |
1 2 2
+a2[—2 ou —3,8/" dx+ 2 [ s
Xy | 0Xp Xn
R% R"
|W|2 1 du |?
|Aul? dx + (o — 28) dx +<(x —2a> dx
0xy,
RY RY
2 |u|2
+ <6ﬁ—3aﬂ+ﬂ ) d
xn
Rn
Therefore, since
/(S*Su)udx=/||3u||2dx,
R} R}
we obtain
’ | lu|?
| Aul dx+(oz—2,3) <6,3—3a,8+,3 ) —dx
X
RY RT
1 | ou
2
—2) - d
+(a o / 3 o, X
]R
a ou u 2
xn
Now, let us denote
T 0%u n o ou 5 u
U=—F7——>+T————p—
X2 x, 0xp x2
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then
9%v o Jv v
Ty = —— — — —(B—-a)—=
ax2 X, dxp (F =) x2
and

/ (T*Tu)udx

RY

2/8_2[32_"_18_“+ﬂ1}udx
o Ox2 [ 0x2  xn 0x, x2

1 9 [0%u o Ju u
+ B— |udx

to Eaxn 8x _;8)6 X

u a ou u
B oz)/ [ x—§+ﬂ?]udx

}’l

9%u o ou u ] 9%u
= - = — | —d
/1 +o |

dxZ X, dxp
Rn
/ 0%u o Ju ny u 1 ou u d
—o| |— - —— —|—— - = )dx
X2 x, 0xp x2 | \x, 0x,  x?

o ou u
+ (ﬂ—a)/ |:8x2 an—Fﬁx—%] udx

2
3%u 1 ou 9%u u 3%u
= dx — 2« dx
/axg * /xn8xn82 +ﬂ/232
R}
1 | du
+ QZ/—Z
Xz | 0xy,
R}
By integrations by parts, we get
1 du 92 L[ 1] oul
— u—udxz—/— R
Xp 0X, 0x2 2) x2|09xy

R), R”,
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and
u 9%u du 0o u
—2—2dx = —/ o\ 2 dx
X5 0x} 0xp 0x, \ Xj
R R
1| ou |? 1 ou
=—/—2— dx+2/—3u—dx
Xy dxp X5 0xy
R R
1| oul? |u|?
x5 | 0xy X,
R R
Hence
/(T*Tu) udx
RY
0u |’ 1| ou |? 1| ou |? ul?
= dx — — d 28— — d 3 d
[ 9x2 * a[x,% 9xy, x+2p [x,% 9xy, xE [ 4 *
R R R n
1| au|? 3 [ u)? Ju|?
2 2
— dx —2aB - d —d
ta /x,zl 0x, * aﬁZ/ x;‘; x+p / xfl *
R R R
9ul? ) 1| du ? oo [ lul?
=f@ dx + (« —a—Zﬂ)/g‘axn dx+(6ﬂ—3a/3+/3)/x§dx.
F F RY
Noting that
/(T*Tu) udx:/llTu||2dx,
R R
we deduce
2 2 2
9%u 1 u u
/ — dx+(a2—a—2,3)/—2 il dx+(6ﬁ—3aﬁ+/32)/%dx
ox; x5 | 0x, X,
R R R
/ 9%u o Ju +ﬂu 2d
= _———— —| dx.
ax2 X, 0xp x2

We now provide a proof for Theorem 3
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Proof (Proof for Theorem 3) For ¢ < 1, we have

Vul? 1 2
/IAuI dx— (2 -2 /' 4 (3103, /ﬂdx
16 42 Xt
R
2
= flAuld ——/'“'
\v/ 2 2
+(1—g) flAuld ——/' ey Ly TN
‘xn
2
/IAuld '”' x

u
2n
>C |u|n—=% dx
n
™

Now, for ¢ > 1, we write

5 Vul? 81 2
/|Au|2dx—(§——) |u| x+<— ) |u|

Rll
2 2 2
\Y 9
= /IAMI2 /|uL dx (— ——) /' u| - = |ML dx
n 4 xl’l
RY
o) 2
> /|Au|2dx——/ﬂdx
16) x}
RY

\er

2n_
> C |u| "% dx
n
T

Here we used the Rellich—Sobolev—Maz’ya type inequality (see [3, Chapter 6]):

n—4
n

n—4

2 n
/|Au|2dx—E | | /|u|n Tdx
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